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Semiconductor ring lasers are miniaturized devices that operate on clockwise and counterclockwise
modes. These modes are not coupled in the absence of intracavity reflectors, which prevents the
formation of a standing wave in the cavity and, consequently, of a population inversion grating.
This should inhibit the onset of multimode emission driven by spatial hole burning. Here we show
that, despite this notion, ring quantum cascade lasers inherently operate in phase-locked multimode
states, that switch on and off as the pumping level is progressively increased. By rewriting the
master equation of lasers with fast gain media in the form of the complex Ginzburg-Landau equation,
we show that ring frequency combs stem from a phase instability—a phenomenon also known in
superconductors and Bose-Einstein condensates. The instability is due to coupling of the amplitude
and phase modulation of the optical field in a semiconductor laser, which plays the role of a Kerr
nonlinearity, highlighting a connection between laser and microresonator frequency combs.
Despite decades of studies, the development of op-
tical frequency combs continues at a rapid pace [1–3].
While historically research on frequency combs started
from tabletop optical systems, such as Ti:sapphire mod-
elocked lasers, that revolutionized optical metrology [4],
the following advances in semiconductor and dielectric
materials processing led to much more compact frequency
comb generators. Technological progress went hand in
hand with a burst of new applications, such as broad-
band spectroscopy and chemical sensing, radiofrequency
arbitrary waveform generation, optical communications
and quantum information.
Within the realm of integrated optics of particular
interest are two classes of generators: semiconductor
lasers, which embed an active medium that is internally
pumped, and passive microresonators [2, 5], where the
gain stems from the optical Kerr nonlinearity and the
pump is an external continuous-wave laser. Whether in
the case of a semiconductor laser or of a microresonator,
the device always starts from single-frequency operation,
corresponding to the first lasing mode or the external
pump. Therefore, to trigger generation of a frequency
comb, mechanisms capable of coupling modes at different
frequencies and locking their phases need to be present in
the cavity. In microcavity resonators above the paramet-
ric instability threshold, an external pump induces the
appearance of sidebands, which proliferate, upon ampli-
fication, by means of cascaded parametric processes [6].
In semiconductor lasers multimode operation is typically
induced by the standing wave created by the first las-
ing mode (Fig. 1a), which leads by means of stimulated
emission to a spatially inhomogeneous distribution of
the gain—a phenomenon known as spatial hole burning
(SHB). Phase locking is achieved by means of an opti-
cal nonlinearity, such as saturable absorption [7] or four-
wave-mixing [8, 9]. SHB is not expected to occur in a
ring cavity, as the clockwise (CW) and counter-clockwise
(CCW) modes are not naturally coupled in absence of
any reflection points in the cavity. We show that semi-
conductor ring lasers can operate in multimode regimes
and form frequency combs [10] in absence of SHB. Mul-
timode emission and comb formation occurs at a pump-
ing level fractionally higher than the lasing threshold,
thus excluding the Risken-Nummedal-Graham-Haken in-
stability, that also promotes multimode operation of a
laser, as it is predicted to occur at a pumping level of
nine times above threshold [11, 12]. We explain this be-
haviour of a ring laser by showing that it can be de-
scribed by the Ginzburg-Landau theory [13]. It predicts
that a semiconductor laser can transition to a multimode
regime at low pumping due to coupling between inten-
sity and phase noise. This coupling is inherent to any
semiconductor laser and is quantified by the linewidth
enhancement factor (LEF).
We study ring quantum cascade lasers [14] (QCLs)—
monolithic frequency comb generators that combine non-
linearity and gain [15] and are targeting applications
in dual-comb spectroscopy [16], metrology [17] and mi-
crowave photonics [18]. Several works investigated QCL
cavities with circular geometry. Monolithic rings with
distributed-feedback [14] and metamaterial [19] gratings
were studied for surface outcoupling of single modes. Ex-
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FIG. 1. a, Schematic of a Fabry-Perot cavity with rightward and leftward propagating waves, Er and El, that are coupled
through the facets reflectivity R. As a result of counter-propagating waves, optical standing waves of intensity I and a static
grating of population inversion ∆N are formed in the cavity of length L. b, Optical spectrum of a Fabry-Perot frequency
comb generated from a quantum cascade laser (L = 3.7 mm). The roundtrip frequency (frt) defines the comb spacing and the
beat note frequency (≈6.7 GHz), whose spectrum is shown in the inset. c, Schematic of a semiconductor ring laser of radius
r. d, Optical spectrum of a ring quantum cascade laser (r = 500 µm) measured at an injection current density fractionally
higher than the lasing threshold. Also shown is the narrow electrical beatnote of the laser (central frequency ≈27.8 GHz). e-i,
Evolution of the optical spectra of five distinct ring lasers with increasing injected current showing that the multimode regime
can switch on and off. The current density normalized to the lasing threshold is given to the right of each spectrum.
ternal ring cavities were demonstrated for active mode-
locking applications [20–22]. Additionally, microcavi-
ties, such as disks [23], bow-tie [24] and elliptical res-
onators [25] were investigated. However, none of these
works studied generation of self-starting frequency combs
in lasers with such cavity arrangements. In this work
we fabricated ring QCLs in a ridge waveguide geome-
try with a width of 10 µm and an inner radius r of
500 or 600 µm (Fig. 1c). The active region consists of
AlInAs/GaInAs/InP layers and the band structure de-
sign is based on a single-phonon continuum depopulation
scheme [26]. Emission is at 7.9 µm and operation is under
constant electrical injection at room temperature.
A small fraction of light can escape from the ring cav-
ity, due to scattering induced by waveguide roughness
and bending losses, allowing us to perform their spectral
characterization. Our finding is that at a current injec-
tion level that is only fractionally higher than the lasing
threshold (typically 1.1 − 1.2 Jth) the ring laser under-
goes a transition to a multimode regime that is character-
istically different from the one observed in Fabry-Perot
QCLs (Fig. 1b). The optical spectrum has fewer modes
and exhibits a regular, bell-shaped envelope (Fig. 1d).
The modes are separated by the roundtrip frequency of
the laser frt = c/(2pirn), where n = 3.4 is the effec-
tive refractive index of the waveguide. The coherence
of the state is witnessed by its narrow beat note, which
proves its frequency comb nature. Spectral evolution of
five representative devices is shown in Fig. 1 e-i. A gen-
eral feature of the instability is that as the current in
the device is increased, the multimode regime switches
on and off, as the laser reverts back to single mode
operation at high current. Movement of the center of
mass of the spectrum is smooth with current and shows
no discontinuous jumps, which precludes the argument
that such behaviour could be caused by other destabi-
lization mechanisms—electrical, mechanical or thermal.
Such spectral evolution is not observed in regular Fabry-
Perot cavity lasers: there the spectrum broadens as the
injection current is progressively increased and the laser
never reverts to single-mode operation once the multi-
mode regime is reached.
To support the experimental evidence of multimode
operation we reexamine the theory of lasers with fast
gain media. We will show that ring frequency combs
can be explained on the basis of a phase instability that
affects the single mode solution of the complex Ginzburg-
Landau equation (CGLE). CGLE is a nonlinear equation
that describes spatially-extended systems of coupled non-
linear oscillators. It appears in many branches of physics,
such as superconductivity, Bose-Einstein condensation
and quantum field theory. In semiconductor laser theory
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FIG. 2. a We show that ring lasers with fast gain media obey the complex Ginzburg-Landau equation, which is governed by
only two parameters, c1 and c2. In the Ginzburg-Landau theory the parameter space can be divided into three regions: a
central one (white area) where the running wave admits stable single mode solutions, and two outer ones (red areas) where
the wave possesses multimode solutions. Spectra obtained from space-time domain simulations of the laser master equation
are shown for different points in parameter space confirming the behavior expected from the Ginzburg-Landau theory. In
the simulations spatial hole burning is turned off, thus the multimode regimes, where observed, are due to the Ginzburg-
Landau phase instability. In all plots the x-axis spans 100 longitudinal modes of the ring, the y-axis is intensity (10 dB/div).
Also shown is the region corresponding to the experimentally studied devices as obtained from the laser parameters with
related uncertainties (square marker with error bars). b-e, Characterization of the physical quantities that define c1 and c2:
α is the linewidth enhancement factor, GVD is the group velocity dispersion, c is a constant (Supplementary Material). b,
Self-interferometry setup used for the measurement of the α-factor. c, The experimental values are shown as a function of
current density normalized to the lasing threshold. d, Schematic of the setup used to measure the GVD and e, corresponding
measurement shown for the emission range of the ring lasers studied here.
it can be shown that the field dynamics can be described
by a CGLE in the hypothesis of fast gain [27]. While the
latter is not suitable for a conventional bipolar semicon-
ductor laser (diode laser) it is instead very well verified
for QCLs. Here we rewrite the master equation of lasers
with fast gain media [28], such as QCLs, in the CGLE
form as
∂tE = E + (1 + ic1)∂
2
zE − (1 + ic2)|E|2E (1)
where E is the electric field, t is time, z is the spatial
coordinate running along the ring cavity (see the Supple-
mentary Material for the analytical derivation). The only
two parameters of the equation are c1 and c2, which cap-
ture the stability of the system. In the case of QCLs, c1
is directly proportional to the group velocity dispersion
(GVD), while c2 depends on the Kerr coefficient. The
latter is normally small in QCLs but its effect is compen-
sated by the LEF, which can be effectively regarded as
a Kerr nonlinearity (Supplementary Material). The LEF
appears in both c1 and c2, and provides phase-amplitude
coupling needed for phase-locking of multiple oscillating
modes. It has an effect on the gain profile making it
asymmetric and providing a carrier-dependent contribu-
tion to the real part of the complex refractive index [28].
In CGLE theory, the parameter space is divided into
different regions by the Benjamin-Feir lines [13, 29],
which are defined by 1 + c1c2 = 0. The inner region
confined by the lines has stable, purely single-mode so-
lutions, while the two outer regions exhibit a so-called
phase instability [27], i.e., they possess multimode solu-
tions. In Fig. 2f we show the result of space-time do-
main simulations of a ring QCL for different points in
the (c1, c2)-parameter space determined by laser param-
eters with typical values. We note that in these numerical
simulations no approximation is made to reduce the laser
equations that capture the whole dynamics of the system
to the CGLE. The computed optical spectra confirm that
in the stability region only single mode solutions are sup-
ported, while in the outer regions the laser can attain
a multimode regime despite the absence of SHB, as al-
ready suggested by a recent theory of ring QCLs based
on effective Maxwell-Bloch equations [30]. In CGLE the-
ory one would refer to the dynamical behaviour emerg-
ing from the phase instability of QCLs as “phase tur-
bulence”. This is because the amplitude of the field is
almost constant, while its phase fluctuates in time, as we
observe in the numerical simulations (not shown here).
In order to connect the phase instability with the inves-
tigated ring devices, we measured both GVD and LEF of
our laser material. The LEF was obtained by means of a
self-mixing interferometry technique (Fig. 2d) giving val-
ues between 1 and 2 above threshold (Fig. 2e) (Fig. 2c),
which are in very good agreement with values reported in
the literature [31–33]. At a typical pump level of J/Jth =
1.1 for the ring multimode instability, the extrapolated
value of the LEF is 1.9 ± 0.5. The GVD was obtained
using the Fourier transform method [34] (Fig. 2d), which
gave a value of ≈ −1800 fs2/mm (Fig. 2e). The (c1, c2)
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FIG. 3. a, Schematic of the technique used to check the oc-
currence of counter-propagating waves in the ring laser pre-
sented in Fig. 1c,d. A radiofrequency (RF) probe is scanned
along the perimeter of the cavity to measure the beatnote
power pattern using a spectrum analyzer (SA). b, Experimen-
tal beatnote power pattern (dots) measured at the roundtrip
frequency of the laser (27.8 GHz). Also shown is the pat-
tern calculated with an analytical model (line) based on the
existence of a bidirectional regime. c,d, Space-time domain
simulations of a ring laser with an unintentional defect of
small reflectivity, R = 5× 10−4. In all plots the x-axis spans
100 longitudinal modes of the ring, the y-axis is intensity (10
dB/div). c, When the laser operates in the unstable region
of (c1,c2)-parameter space two counter-propagating waves of
similar magnitude are formed. d, Instead, when the laser op-
erates in the stable region of parameter space a single mode in
a unidirectional regime is observed, indicating that the small
defect is not sufficient to trigger multimode operation.
coordinates corresponding to our laser parameters are
marked in Fig. 2a. The fact that our laser operates in
the (c1, c2)-parameter space close to the Benjamin-Feir
line shows that the multimode instability is compatible
with the phase turbulence mechanism. We link pump-
dependent on- and off-switching of multimode operation
to the current-dependent evolution of all the laser pa-
rameters, including the GVD and LEF, that can push
the system in and out of the instability region.
Turning our attention to other possible mechanisms in-
tervening in the ring instability, we investigate the direc-
tionality of the laser regime. The occurrence of counter-
propagating waves in the ring cavity can be verified by
means of a radiofrequency (RF) technique that was re-
cently introduced in the context of Fabry-Perot laser fre-
quency combs [35, 36]. This method utilizes an RF probe
to measure along the laser cavity the pattern of beat note
power that is generated in the frequency comb regime
(Fig. 3a). It has the advantage of being non-invasive, dif-
ferently from the waveguide outcoupling techniques that
are normally used in semiconductor ring lasers to ana-
lyze the CW/CCW lasing directions and that may add
unwanted reflections [10, 37]. The beat note power pat-
tern measured in the ring at frt is shown in Fig. 3b. In
case of a unidirectional mode propagation the beatnote
power pattern would remain constant along the waveg-
uide, whereas the presence of nodes indicates that the
device operates in a bidirectional regime with optical
standing waves in the cavity, as confirmed by an ana-
lytical model (Supplementary Material). In order to ex-
plain the spatial coupling of counter-propagating waves
one must assume that a localized defect is present in the
cavity. Unintentional defects may arise from imperfec-
tions in the waveguide fabrication but these should have
small values of intensity reflectivity R. Numerical sim-
ulations show that a value as small as R = 5 × 10−4
is sufficient to induce counter-propagating waves when
the laser operates in the instability region (Fig. 3c). At
the same time, such small value of R does not induce a
multimode regime for points lying in the stable region of
parameter space, which continue to exhibit a single mode
(Fig. 3d). We verified that values of R of at least few per-
cent are needed in the latter case to trigger multimode
operation via SHB. We conclude from these results that
ring frequency combs are due to the cooperative action of
the phase instability, which is responsible in first place for
multimode operation, and of an unintentional defect with
small reflectivity, which couples the counter-propagating
waves in the cavity. The occurrence of multimode oper-
ation can be consistently explained by the provided an-
alytical theory, as well as the numerical simulations. We
believe that whether a comb or a incoherent multimode
state is formed might also depend on further conditions,
such as small residual reflections.
To investigate further the role of defects in a ring laser
we intentionally embed one in the waveguide by focused
ion beam lithography (Fig. 4a). A simple yet effective
way of controlling the defect reflectivity is to etch a nar-
row slit across the waveguide to create an air gap in the
active region of the laser. Choosing the slit width in
the 0.1-2 µm interval one can vary the intensity reflec-
tivity R between 1% and 64% (Fig. 4b). Our fabricated
slit has a width of 0.5 µm giving R ≈ 22%, which is
close to the facet reflectivity of an uncoated Fabry-Perot
QCL (R = 29%). The defect-engineered laser generates
an optical frequency comb producing a narrow beat note
at the roundtrip frequency of the laser (≈ 27.8 GHz).
The optical spectrum exhibits an irregular envelope—
the result of complex laser mode competition—similar
to that of Fabry-Perot devices, where multimode oper-
ation is dominated as well by SHB. The occurrence of
counter-propagating waves causing SHB in the device
(Fig. 4e) is confirmed by the beatnote power character-
ization (Fig. 4d), which shows oscillations with a local
maximum at the position of the defect, as expected. De-
fect engineering proves to be a valuable tool for frequency
comb generation in ring lasers, as it allows to introduce
SHB in a controlled manner in the ring cavity and trig-
ger a multimode instability without inducing significant
optical losses as defects can be deeply subwavelength.
This technique offers a new degree of freedom in the
control of frequency combs that will be investigated fur-
ther in the future. At the same time, these results show
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FIG. 4. a, Scanning electron microscope image of the defect-
engineered ring laser showing the aperture in the metal (blue
region in false color) with a 0.5 µm wide slit fabricated by
focused ion beam lithography. b, Reflectivity induced by the
slit as a function of its width as calculated from numerical
wave simulations. The reflectivity of the studied device is
R ≈ 22% (dot). c, Optical spectrum of a defect-engineered
ring quantum cascade laser (r = 500 µm) fabricated from the
same material of the other devices studied in this work. Also
shown is the microwave beatnote extracted from the laser
(central frequency ≈27.8 GHz). d, Experimental beatnote
power pattern measured along the perimeter of the ring at
the roundtrip frequency. The defect is located where the an-
gle is zero. e, Schematic of the ring laser embedding an engi-
neered defect of reflectivity R. The defect induces clockwise
and counter-clockwise waves, ECW and ECCW, resulting in an
optical standing wave I and a static population grating ∆N .
that ring frequency combs dominated by SHB exhibit dif-
ferent features from those of non-engineered ring lasers.
The study of the latter has revealed the phase instabil-
ity, which is normally masked in presence of SHB. Link-
ing this multimode instability to the CGLE allows one
to unravel a possible connection between semiconductor
ring lasers and Kerr-driven frequency comb generators.
The latter are usually described by the Lugiato-Lefever
equations, which are nonlinear Schrdinger equations with
well-known soliton solutions derived from the CGLE in
the limit of very large c1 and c2 parameters. At the same
time we showed that the LEF, which intervenes in both
Ginzburg-Landau parameters in the case of a ring laser,
effectively contributes as a Kerr nonlinearity. While this
is a first step in connecting laser frequency combs to-
gether with Kerr combs to the CGLE, we hope that fur-
ther exploration of the vast (c1,c2) parameter space will
strengthen even further the physics shared between these
devices.
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Materials and methods
Quantum cascade lasers. The lasers emit around
8 µm and have a structure consisting of GaInAs/AlInAs
layers on an InP substrate. The waveguide width is
10 µm. They are operated under constant electrical in-
jection with a low-noise current driver (Wavelength Elec-
tronics QCL LAB 1500), and their temperature is sta-
bilized at 16◦C using a low-thermal-drift temperature
controller (Wavelength Electronics TC5). The threshold
current density of a symmetric ring (no defect, 600 µm
radius) was observed to be as low as 1.1 kA/cm2, while
that of the defect-engineered ring (500 µm radius) was
1.3 kA/cm2. The small increase in threshold current
density in the defect-engineered ring is attributed to the
losses induced by the defect. For comparison the thresh-
old current density of a Fabry-Perot device fabricated
from the same material, with the same waveguide width
and cleaved to have approximately the same length of
the symmetric ring (L =3.7 mm) was 1.4 kA/cm2. Only
a small amount of power (<∼ 1 mW) is scattered out
from the ring waveguide, minimizing the perturbations
due to outcoupling on the intrinsic states of the lasers.
The laser spectral output is measured using a Fourier
transform infrared spectrometer and a sensitive photode-
tector (HgCdTe detector cooled at 77 K). Beat notes
produced during frequency comb operation are electri-
cally extracted from the laser chip using a radiofrequency
probe connected to a spectrum analyzer. Since the group
velocity dispersion (GVD) and linewidth enhancement
factor (LEF) characterizations rely on techniques [1–3]
for which the output power from a ring would be in-
sufficient, we measure these quantities using Fabry-Perot
devices fabricated from the same material and having the
same waveguide width of the rings (10 µm). More details
on the LEF characterization are given in the correspond-
ing section of the Supplementary Material.
Defect engineering. The width of the defect cut by
FIB across the ring waveguide is 500 nm. The reflectiv-
ity of the defect is calculated using the frequency domain
electromagnetic wave model (emw module) of COMSOL
using n = 3.19 as the effective refractive index of the QCL
waveguide. We confirmed the values of defect reflectiv-
ity obtained from COMSOL simulations with a calcula-
tion using the transfer matrix formalism for a dielectric-
air-dielectric interface. The reflectivity peak corresponds
to a defect width of approximately quarter wavelength
in air (≈ 2 µm) and its value (64%) is dictated by the
air-dielectric index contrast. If needed, higher values of
reflectivity could be achieved by defining a distributed
Bragg reflector (DBR) section in the waveguide using
FIB milling.
Radiofrequency gratings. For the measurement of
the radiofrequency (or dynamic) gratings we use a coax-
ial RF probe (Quater A-20338) mounted on an XYZ mi-
crometer positioning stage and placed in contact with
the top electrode of the rings. The scanning probe is
manually positioned along the perimeter of the ring laser
cavity [4]. The signal detected from the probe at every
position is amplified with a RF amplifier (CTT ALN 300-
8023, bandwidth 18-26.5 GHz, 22 dB gain) and recorded
with a spectrum analyzer (Agilent E4448A). The band-
width of the probe (DC-18 GHz) is smaller than the typ-
ical beat note frequency of the ring lasers (23-27 GHz),
however the extracted RF signal is still largely sufficient
to characterize the beat note power distribution along
the ring cavity.
Derivation of the complex
Ginzburg-Landau equation form of the
QCLs master equation
The complex Ginzburg-Landau equation (CGLE) is
one of the most known nonlinear equations in physics.
It describes the dynamics of spatially extended system of
oscillators near Hopf bifurcation in a qualitative, and of-
ten in a quantitative way. The range of the physics fields
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2where it is used includes superconductivity, superfluid-
ity, Bose-Einstein condensates, quantum field theory and
laser theory [5]. In this section, we will show that CGLE
can be used to describe the evolution of the electric field
inside the laser cavity. We will furthermore reduce the
parameter space that goes into the laser model to just two
dimensions. In certain regions of this parameter space,
the laser can exhibit a multimode instability known as
the phase turbulence regime in the CGLE usual nota-
tion. Additionally, we will derive an analytical condition
that defines the onset of this instability.
We start from Maxwell-Bloch equations, which we will
be able to convert to the CGLE form. Maxwell-Bloch
equations [6] are commonly used to analyze the evolution
of the laser system dynamics. This method, obtained
from coupled density matrix formalism and Maxwell’s
equations, is fully capable of quantitatively describing
the coherence of the system. However, due to its com-
plexity, it does not provide an intuitive understanding of
the underlying physical processes. For this reason, we
will turn to a recent theoretical work [7], where Maxwell-
Bloch equations were reduced to a single master equa-
tion, derived for fast gain media, such as QCLs. We will
use it as a starting point to obtain the CGLE and include
the so-called linewidth enhancement factor (LEF), which
describes the carrier-induced index changes. The master
equation reads:
n
c
∂tE± ± ∂xE± = ik
′′
2
∂2tE± + iβ(|E+|2 + |E−|2)E±
+
g0
2
(
1 + |E+|
2+|E−|2
E2sat
) 1 + iα
1 + iξ
{
E± − T2
1 + iξ
∂tE±
+
( T2
1 + iξ
)2
∂2tE± −
Tg
T1E2sat
[
E±|E∓|2
− ∂tE±|E∓|2
(
Tg +
T2
1 + iξ
)
− E±E∓∂tE∗∓
(
Tg+
+
T2
1 + iξ
)
− E±E∗∓∂tE∓
T2
1 + iξ
]}
− αw
2
E±
(1)
Here E± are the complex amplitudes of the two
counter-propagating waves in the laser cavity, n is the
refractive index, c the speed of light, T1 the carrier
non-radiative lifetime, T2 the dephasing time, Tg =
(T−11 + 4k
2D)−1 is the grating lifetime, where k and
D stand for the wavenumber and diffusion coefficient.
We have introduced furthermore k′′ the group velocity
dispersion coefficient (GVD), β the Kerr non-linearity
and α the linewidth enhancement factor with its aux-
iliary functions ξ = (
√
α2 + 1 − 1)/α and a1 = (1 +
αξ)/(1 + ξ2). The linewidth enhancement factor is de-
fined as α = −∂χr/∂N/(∂χi/∂N), where χr,i are the
real and imaginary part of the linear susceptibility, and
N is the carrier density. The saturation field is E2sat =
(2h¯2)/(µ2T1T2a1), where µ is the dipole matrix element.
The power loss coefficient is αw and the unsaturated gain
is g0 = (Γµ
2ω0T1T2J)/(h¯nε0cL), with Γ the confinement
factor, J the pumping current normalized to the electron
charge and L the QCL active region period length. To
avoid potential inconsistencies, we use e+iωt as the con-
vention for the direction of the time propagation, since
Eq. 1 uses the same. To study the instability onset in a
ring cavity, we can analyze the propagation of a unidirec-
tional field. This is justified, since we are considering a
cavity without defects, close to threshold. We can switch
to a unidirectional field by setting, for example, E− to
zero. Furthermore, we will use just E to refer to E+, for
simplicity:
n
c
∂tE + ∂xE =
g(P )
2
1 + iα
1 + iξ
[
E − T2
1 + iξ
∂tE
+
( T2
1 + iξ
)2
∂2tE
]
− αw
2
E + i
k′′
2
∂2tE + iβ|E|2E,
(2)
where g(P ) = g0/(1 +P/Psat) is the saturated gain with
normalized power P = |E|2 and saturation power Psat =
E2sat.
Before moving on, we introduce modifications to Eq. 2.
We will neglect the term T21+iξ∂tE in square brackets,
since its main effect is to modify the propagation speed of
the wave and close to the multimode instability, it is not
influential. Secondly, one needs to keep in mind that the
master equation is derived from the Maxwell-Bloch equa-
tions that utilize the rotating-wave approximation [6].
Therefore switching the second time derivative ∂2t with a
second spatial derivative c
2
n2 ∂
2
x is an excellent approxima-
tion. Moreover, the system is switched to a moving frame
of reference by applying the coordinate transformations
x −→ x− cn t and t −→ t. We now have:
n
c
∂tE =
g(P )
2
1 + iα
1 + iξ
[
E +
( T2
1 + iξ
)2 c2
n2
∂2xE
]
− αw
2
E + i
k′′
2
c2
n2
∂2xE + iβ|E|2E,
(3)
It is now of use if we write the Taylor expansion of
the saturable gain around the stationary power P0 in the
form of:
g(P ) = g1 − g2 |E|
2
Psat
, (4)
where we have introduced the gain coefficients:
g1 =
1
a1
αw
g0,α
(2g0,α − αw),
g2 =
1
a1
α2w
g0,α
,
(5)
3with the modified unsaturated gain due to LEF being
g0,α = g0a1.
We will furthermore introduce new functions
a1, a2, ...a6 for simplicity. First,
1 + iα
1 + iξ
= a1 + ia2,
a1 =
1 + αξ
1 + ξ2
,
a2 =
α− ξ
1 + ξ2
,
(6)
and ( 1
1 + iξ
)2
= a3 + ia4,
a3 =
1− ξ2
(1 + ξ2)2
,
a4 = − 2ξ
(1 + ξ2)2
,
a5 = a1a3 − a2a4,
a6 = a1a4 + a2a3
(7)
We can write then
(1 + iα
1 + iξ
)[
1 +
( 1
1 + iξ
)2]
= a1 + ia2 + (a5 + ia6)
(8)
After inserting Eqs. 5 and 8 in Eq. 3 and after some
derivation, it is possible to get the following form of the
master equation:
∂tE = (γ + iωs)E + (dR + idI)∂
2
xE − (nR + inI)|E|2E,
(9)
where we introduced following functions:
γ =
g1a1 − αw
2
c
n
,
ωs =
g1a2
2
c
n
,
dR =
g1a5
2
c3
n3
T 22 ,
dI =
g1a6T
2
2 + k
′′
2
c3
n3
,
nR =
g2a1
2Psat
c
n
,
nI =
( g2a2
2Psat
− β
) c
n
(10)
Here coefficient γ determines the gain, ωs is the fre-
quency shift due to the gain asymmetry induced by the
LEF, (dR + idI) gives the complex diffusion coefficient
and (nR + inI) describes the nonlinearity.
As a final step before obtaining the CGLE, we will
introduce the following transformations:
t −→ t
γ
,
x −→
(dR
γ
)1/2
x,
E −→
( γ
nR
)1/2
eiωst/γE,
(11)
and define parameters c1 and c2 that reduce the param-
eter space:
c1 =
dI
dR
=
g1a6T
2
2 + k
′′
g1a5T 22
,
c2 =
nI
nR
=
g2a2 − 2Psatβ
g2a1
(12)
It is important to note that GVD influences the value
of c1, the Kerr non-linearity figures in c2, while the LEF
gives a contribution to both c1 and c2 through the terms
a1, a2, ..., a6. This will be easily seen in the next subsec-
tion, in the approximation for small LEF values. After
applying Eqs. 11 and 12, Eq. 9 transforms to the conven-
tional form of the CGLE often found in literature:
∂tE = E + (1 + ic1)∂
2
xE − (1 + ic2)|E|2E. (13)
The purpose of obtaining the CGLE equations start-
ing from the laser master equation (Eq. 1) was to find
the origin of the low-threshold multimode instability that
occurs in QCL ring cavity devices, which could not be
explained with standard theory, e.g. multimode insta-
bility induced by spatial hole burning which dominates
in Fabry-Perot cavities [7]. One could do so by analyz-
ing the stability of the CGLE by assuming a plane wave
solution, corresponding to a laser operating in a single
mode regime. By adding a small perturbation to the
plane wave, one can locate the regions of stability of the
(c1, c2) parameter space by determining if the perturba-
tion is decaying over time (see Ref. [5]). With such anal-
ysis, one can obtain the so-called Benjamin-Fair-Newell
criterion:
1 + c1c2 > 0, (14)
which, if fulfilled, states that the plane wave solution is
stable and the laser remains in the single mode regime.
Otherwise, a band of wavenumbers emerges, within which
an instability occurs and gives rise to a state that is called
the phase turbulence state. This state is characterized
by the competition between multiple different wavenum-
bers. This means that a laser can go past its multimode
instability threshold depending only on the values of the
parameters such as the GVD, Kerr or the LEF—if the
1 + c1c2 < 0 criterion 14 is fulfilled. No additional effect
(e.g. spatial hole burning) is required.
4Small LEF approximation. From the definitions
of the parameters c1 and c2 in Eq. 12, the influence
of the GVD and Kerr nonlinearity is obvious. How-
ever, contribution from the LEF enters through the terms
a1, a2, ..., a6 and this dependence is not trivial. We will
here consider the case where the value of the LEF is small,
because relations will become significantly simpler.
We consider small values of α so that the approxima-
tion ξ ≈ α/2 is valid to a reasonable extent. We can then
approximate a1, a2, ..., a6 to the first order of α as a1 ≈ 1,
a2 ≈ α/2, a3 ≈ 1, a4 ≈ −α, a5 ≈ 1 and a6 ≈ −α/2. Re-
plugging these approximations back to eq. 12 yields the
following relations:
c1 =
dI
dR
≈ −α
2
+
g0
αw(2g0 − αw)T 22
k′′,
c2 =
nI
nR
≈ α
2
− 2Psatg0
α2w
β.
(15)
From the previous relation, which is valid for small
values of α, it is now clear how the GVD influences c1
and the Kerr nonlinearity influences c2, while the LEF
influences both of them. The dependencies on these pa-
rameters are linear for both c1 and c2.
Furthermore, from the definition of c1 and c2 one ad-
ditional conclusion can be drawn. The fact that the LEF
figures in the expression for c2 indicates that the LEF can
contribute as a Kerr-type term to the phase instability.
All of this is due to their fast gain dynamics. Namely, in
the derivation of the master equation (Eq. 1), it is implied
that the carrier lifetimes are sufficiently short so that the
carrier population can follow the variations of the intra-
cavity field. It is exactly this effect in combination with
the gain saturation that results in a finite contribution
to the Kerr term from the LEF. If it were otherwise,
as in lasers with considerably larger carrier lifetimes, we
would not be able to use the master equation. An ad-
ditional equation for the carrier population would have
to be introduced. Because of slower dynamics, the car-
rier population would not be able anymore to follow the
modulations of the intracavity field and would effectively
see only its average value. This would result, in a laser
with a slow gain medium, in a minuscule contribution
from the LEF to the Kerr term. One can conclude that
QCLs serve as unique laser sources, as they represent an
ideal platform for studying the rich physics behind the
frequency comb formation, at the same time bridging
the gap between microresonator combs that arise from
the Kerr nonlinearity and more standard semiconductor
laser frequency combs.
Parameters used in numerical
simulations of ring QCLs
Symbol Description Value
Tul Upper-lower level lifetime 1 ps
Tug Upper-ground level lifetime 6 ps
Tlg Lower-ground level lifetime 0.08 ps
T2 Dephasing time 60 fs
n Refractive index 3.3
D Diffusion coefficient 46 cm2/s
αw Waveguide power losses 4 cm
−1
µ Dipole matrix element 1 nm× e
ntot Sheet density 6× 1010 cm−2
Γ Confinement factor 0.5
L Period length 580 A˚
Lc Cavity length 4 mm
λ0 Central wavelength 8 µm
Analytical model of dynamic gratings in
a ring laser with a defect
In this section we derive an analytical model that al-
lows to predict the shape of the oscillatory gratings oc-
curring in an injection ring laser with a defect operating
in a frequency comb regime. The time-dependent popu-
lation inversion gratings originate from the beating of the
optical modes. An analytical model of this phenomenon
was already derived in the case of a Fabry-Perot laser in
Ref. [4]. The main difference here is that a ring requires
periodic boundary conditions for the field circulating in-
side the cavity. This results in peculiar differences in
terms of the beat patterns among the two types of cav-
ities. Moreover we will show that, differently from the
case of a Fabry-Perot cavity, the fringe visibility of the
FIG. 1. Coordinate system for the analytical model of dy-
namic gratings in a ring with a defect. The defect is located
at the point corresponding to the aperture in the schematic
of the ring. The directions of the two counter-propagating
waves are shown, as well as the notation for the reflection
and transmission coefficients of the defect.
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FIG. 2. a-c, Beat patterns calculated from the analytical model of a ring with a defect that oscillate at the fundamental, second
harmonic and third harmonic of the roundtrip frequency. Patterns are shown both for the unwrapped angular coordinate (top)
and as projected onto a 2D ring (bottom). Here it is assumed that the counter-propagating optical beats have the same
intensity. d-f, Different beat patterns calculated assuming various beat balance ratios rBB , i.e. different relative intensities of
the counter-propagating optical beats, as discussed in the text. Also shown are the electric fields of the clockwise and counter-
clockwise waves (red curves). The wavenumber is small for visual representation. The black lines correspond to the envelope
of the fields from which the mean values 〈E〉 and modulations amplitudes ∆E are calculated. The three cases correspond to:
d, unidirectional lasing, which gives a uniform beat power across the cavity; e, bidirectional lasing with counter-propagating
optical beats not fully balanced, which gives a beat grating with limited fringe visibility; f, bidirectional lasing with fully
balanced optical beats, which gives a dynamic grating with strongly suppressed nodes.
beat pattern of a ring is not uniquely defined for a cavity
with given reflective boundaries, but it depends also on
the relative magnitude of the counter-propagating waves.
We start by considering two counter-propagating
waves, ECW and ECCW, in a ring cavity of perimeter
L with a defect of arbitrary reflection and transmission
coefficients, r+,− and t+,− (Fig. 1). The relation among
the last four coefficients can be fixed assuming conserva-
tion of power at the defect, as it will be discussed later.
The two electric fields can be written as
ECW(x, t) = ACWe
gx
2 ei(kx−ωt) + c.c. (16)
6ECCW(x, t) = ACCWe
g(L−x)
2 ei(kx+ωt) + c.c. (17)
where g is the net gain of the medium. Differently from
a Fabry-Perot cavity, in a ring the free spectral range is
given by c/(Lnw), where nw is the effective group in-
dex of the waveguide. Thus the wavevector of the cavity
modes can take values given by km = 2pim/L, where m
is a positive integer, with the corresponding angular fre-
quency being ωm = ckm/nw. The relation among the
field amplitudes ACW and ACCW will be deduced using
the boundary conditions
ECW(0, t) = ECCW(0, t)r+ + ECW(L, t)t− (18)
ECCW(L, t) = ECW(L, t)r− + ECCW(0, t)t+. (19)
By plugging Eqs. 16, 17 into Eqs. 18, 19 one can
rewrite explicitly the boundary conditions in terms of
the counter-propagating waves as
ACW(e
−iωt + c.c.) = ACCWegL/2(eiωt + c.c.)r+
+ACWe
gL/2[ei(kL−ωt) + c.c.]t−
(20)
ACCW[e
i(kL+ωt) + c.c.] = ACWe
gL/2[ei(kL−ωt) + c.c.]r−
+ACCWe
gL/2(eiωt + c.c.)t+
(21)
The term in brackets require particular attention.
Since in a ring wavevectors are such that kL is always
a multiple of 2pi one can use the fact that
ei(kL+ωt) + c.c. = ei(kL−ωt) + c.c. = eiωt + c.c. (22)
to eliminate all the time-dependent terms from Eqs. 20,
21. This gives the relation between the field amplitudes
ACW = ACCW
egL/2r+
1− egL/2t− (23)
as well as a transcendental equation that can be solved
numerically for a given set of reflection and transmission
coefficients to obtain the gain coefficient
1− egL/2t+ = e
gL/2r+
1− egL/2t− e
gL/2r−. (24)
Concerning the reflection and transmission coefficients,
by assuming conservation of energy at the defect
|ECW(L, t)|2+|ECCW(0, t)|2 = |ECW(0, t)|2+|ECCW(L, t)|2
(25)
which implies that the power getting into the defect
comes out of the defect, one obtains in combination with
Eqs. 18, 19 the following relations
r−t+ + r+t− = 0 (26)
|r−|2 = 1− |t−|2 (27)
|r+|2 = 1− |t+|2 (28)
By setting any of the coefficients, e.g. r+ = cos(θ) > 0,
the others are fixed by physical considerations. In the
limit of small defect reflection coefficient one wants the
fraction in Eq. 23 to be small, which requires t− ≈ −1.
(Note that in the assumption of energy conservation at
the defect, g = 0 because there are no mirror losses in
a ring.) To satisfy Eqs. 26, 27, 28, this results in the
following set of coefficients: r+ = cos(θ), r− = cos(θ),
t+ = sin(θ), t− = −sin(θ). Here θ is the only unbound
parameter of the defect given by acos(
√
R), where R is
the intensity reflectivity.
At this point all the parameters are determined and by
setting the amplitude of a wave running in one direction,
e.g. ACCW, one can use Eq. 23 to calculate the ampli-
tude of the counter-propagating wave as induced by the
defect reflection. Finally a given mode of the cavity with
wavevector km can be calculated from the sum of Eqs. 16,
17 as
Em(x, t) = ECW,m(x, t) + ECCW,m(x, t). (29)
The minimum number of independent modes that
should be considered to study dynamic gratings in the
ring is four, namely the amplitudes of two modes should
be set for each propagation direction in order to cre-
ate two counter-propagating optical beats in the cavity.
Then, the mechanism converting the optical beats into
a microwave or higher frequency beat note remains the
same as the one described in Ref. [4]. Gratings of different
order can be studied depending on the frequency differ-
ence among these modes. Fig. 2a-c shows the power of
dynamic gratings oscillating at the roundtrip frequency
(frt), and its second and third harmonic, respectively.
Here we assume that the counter-propagating optical
beats have the same intensity. For a dense frequency
comb spaced by one free spectral range (FSR) of the
resonator, this is equivalent to considering the beating
among first-, second-, and third-order neighbors of the
optical modes. In other words, all such gratings can co-
exist in a laser but can be discerned based on their char-
acteristic oscillation frequency. The main difference with
respect to the dynamic gratings of Fabry-Perot lasers [4]
is that the number of spatial cycles in a ring is always
even, for any beat note order. This is due to the periodic
boundary conditions of the ring resonator (cf. Fig. 1 of
the main text).
Another important difference between dynamic grat-
ings in Fabry-Perot and ring cavities is that the fringe
visibility of a beat pattern cannot be solely deduced from
the parameters characterizing the reflecting interfaces of
the resonator, namely the facets reflectivity in a Fabry-
Perot and the defect reflectivity in a ring. In fact, the
7fringe visibility depends also on the relative intensity of
the counter-propagating optical beats, which we call here
the beat balance ratio rBB = ICW,B/ICCW,B . While
in an (uncoated) Fabry-Perot cavity rBB = 1 because
of the symmetry of the resonator that forces counter-
propagating waves to be mirror images of each other,
in a ring cavity rBB can in principle assume any value.
For instance, in the case of a unidirectional regime [8],
where there is no defect (R = 0) and only a wave run-
ning in one direction exists, rBB = 0 and the beat power
is uniform along the cavity (Fig. 2d).For non-zero val-
ues of rBB a dynamic grating is formed. A defect must
be present (R 6= 0) in order to lock the phases of the
counter-propagating waves. When rBB  1 the fringe
visibility is limited and the nodes of the pattern have fi-
nite power (Fig. 2e). On the other hand, when rBB ≈ 1
the visibility is high and the nodes correspond to zeros
of beat power (Fig. 2f).
A subtle point that we want to highlight here is that a
pattern with high fringe visibility can be produced even
in presence of two counter-propagating waves with very
different mean intensity values. This is shown in Fig. 2f,
where the CCW wave has considerably larger intensity
than the CW wave but the resulting beat pattern exhibits
nodes with strong suppression. This apparent contradic-
tion is explained by the fact that the intensity of the op-
tical beats depends on both the mean value of the field
envelope (noted 〈ECW〉 and 〈ECCW〉) and its amplitude
modulation (noted ∆ECW and ∆ECCW). In particular
the beat balance ratio can be written in first approxima-
tion as
rBB =
ICW,B
ICCW,B
≈ 〈ECW〉∆ECW〈ECCW〉∆ECCW (30)
if one neglects the contribution of higher beat frequencies.
To put it in simple terms, the reason why the pattern in
Fig. 2f has high fringe visibility is because the CCW wave
is stronger but more weakly modulated than the CW
wave. These considerations also indicate an important
aspect of the light-matter interaction in the ring laser.
In presence of a defect with small reflectivity, the optical
coupling between the two counter-propagating waves is
small. However the two waves are still coupled through
population pulsation in the gain medium and can balance
their optical beats. Such type of balanced states are also
observed in numerical space-time domain simulations of
the QCL based on the laser equations and they hint to
an interesting dynamics of the laser that could be further
studied in the future.
On the measurement of dynamic gratings
Signal-only RF probe (Quater A-20338) allows to map
microwave carrier gratings that arise due to interaction
of counter-propagating frequency comb modes with the
laser gain medium both in FP and in ring cavities. For
both geometries probe is placed on top of the gold contact
adjacent to the waveguide and is scanned along it. At
each contact point, after amplification (CTT ALN/300-
8023), the RF spectrum within the span near the funda-
mental comb intermodal beat note frequency is acquired
and its peak power is recorded. We note that the re-
sults of such measurement can be corrupted by spurious
reflections of the microwaves propagating on the chip
[9]. Therefore, observing some regular structure in the
obtained pattern one may falsely assume that the laser
cavity supports coupling of the counterpropagating opti-
cal modes, while in reality this structure could arise due
only to on-chip RF propagation. Whereas for a Fabry-
Perot cavity and a defect-engineered ring cavity the con-
sistency of the patterns with the locations of the cavity
boundaries suggests that measured patterns reflect the
dynamics of the intrinsic microwave carrier gratings, in
case of a symmetric ring with seemingly no boundaries
extra verification measurements are needed to rule out
the possibility of aforementioned artifacts. In absence
of perfect circular symmetry any features arising in the
measured profiles of the ring laser may be due to chip
irregularities, such as, for example, wire bonds that in-
evitably have to be attached to the chip. We show in this
example how wirebond placement can alter the beatnote
spatial structure: we first place five wirebonds at the edge
of the ring and record the pattern, that shows strong sup-
pression of the the microwave power in the region where
wire bonds are attached. We next compare the outcome
with the case when the wire bonds are placed in the mid-
dle of the ring: the angular pattern is now drastically
different and resembles the theoretical prediction for the
ring with a defect as pinning point. To ensure that the
pattern is due to coupled counter-propagating CW and
CCW modes and not to RF standing waves on the chip
we also map the radial pattern through the center of
the ring: it is symmetric with lobes that decline expo-
nentially towards the middle of the ring, which suggests
that RF waves do not propagate atop the chip, but get
rapidly attenuated. It is thus reasonable to conclude that
even in the ring without any defects with perfect circu-
lar symmetry counter-propagating modes are coupled by
some arbitrary defect that is seen by the circulating opti-
cal mode as discussed in the main text of the manuscript.
Self-interferometry measurements for the
linewidth enhancement factor
Theory. By self-mixing a Fabry-Perot quantum cas-
cade laser with modulated optical feedback, we are able
to observe interferometry effects containing information
about its LEF, also known as the α-factor of the laser.
As has been previously demonstrated from Lang and
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FIG. 3. a, Optical microscope image of a symmetric ring QCL
with wire bonds attached to the edge of the chip. The RF
beatnote pattern is affected by spurious reflections induced by
the asymmetric wire bond placement. b, Same laser chip as in
a with wire bonds attached to the center of the ring. Intrinsic
pattern is not altered thanks to the circular symmetry of the
structure. Inset shows the beatnote power as a function of
radial coordinate (origin is in the center of the ring) when
RF probe is scanned across a diameter of the ring: pattern
is symmetric with the beatnote being significantly weaker in
the middle of the chip.
Kobayashi equations and three-mirror cavity descriptions
of optical feedback, we can describe the the single-mode
behaviour of the Fabry-Perot QCL under optical feed-
back, with the following equations,

φF (τext) = φ0(τext)− C sin[φF (τext) + arctan(α)]
φ0(τext) = ω0τext
φF (τext) = ωF (τext)τext
G(φF (τext)) = cos(φF (τext))
P (φF (τext)) = P0 [1 +mG(φF (τext)]
(31)
where τext is the external cavity round trip time, α is the
LEF, C is the optical feedback coupling constant, P0,
φ0(τext) and ω0 are the signal power, phase and angular
frequency of the free-running laser, P (φF (τext)), φF (τext)
and ωF (τext) are the signal power, phase and angular
frequency of the laser with optical feedback, and m is a
scaling parameter of modulation.
Equation 31 can be rewritten as follows,
ωF (τext)τext = ω0τext − C sin[ωF τext + arctan(α)] (32)
From numerical simulation and past work, we find that
Eq. 32 has one solution for ωF (τext) when C < 1 and
multiple solutions when C > 1, at some τext values. This
translates to hysteresis in the modulated power of the
self-interfered QCL vs. τext. In the experiment, we must
then check that our laser is in the weak feedback regime
of C < 1 to prevent distortion due to hysteresis in the
interferogram.
We show simulated interferogram fringes in Fig. 4 for
C = 0.9 and α = 3. As studied before in QCLs [2, 3], we
can use T , ∆tM and ∆tZ , defined in Eq. 4, to calculate
α and C,
α =
∆tM− 12T
∆tZ− 12T
C =
∣∣∣ ∆tM− 12T2 sin(arctan(α)) 2piT ∣∣∣ (33)
where a bar denotes the mean-value of the respective vari-
able. Both the sign and magnitude of alpha are found
using Eq. 33 on data that is plotted versus linearly in-
creasing τext, as later shown in numerical simulation.
As an example, we propagate error to α as follows:
δα=
√
( ∂α∂T )
2
(δT )2+
(
∂α
∂∆tM
)2
(δ∆tM )
2+
(
∂α
∂∆tZ
)2
(δ∆tZ)
2 (34)
where δT , δ∆tM , and δ∆tZ are experimental uncertain-
ties calculated from multiple fringes in the same interfer-
ogram, as shown in Fig. 4.
FIG. 4. Smulated interferogram fringes produced with C =
0.9 and α = 3. The asymmetry of these fringes contains
information about both C and α that we can extract using
∆tM and ∆tZ .
In Fig. 5, we show an array of simulated fringes with
varying α and C values. For each set of fringes, we calcu-
late the corresponding α and C values as a demonstration
of our analysis methods using Eq. 33 and error propaga-
tion similar to that in Eq. 34. We notice high accuracy
in the sign and magnitude of α and C calculations, es-
pecially around what we found to be the experimentally
realized coupling constant C ≈ 0.15, which is well within
the weak optical feedback regime.
Setup. At each current supplied to the QCL, we aim
to linearly sweep τext while measuring the power emit-
ted by our Fabry-Perot laser in the weak optical feedback
regime of C < 1. Once we observe an interferogram un-
der these conditions, we can calculate the LEF α and
coupling constant C using Eq. 33. In practice, we must
accommodate experimental nuances such as noise, sinu-
soidal τext modulation, and an overall signal envelope.
As shown in Fig. 6, we modulate the external cavity
length Lext by placing our optical feedback mirror on a
9FIG. 5. Series of simulated power interferogram fringes at var-
ious linewidth enhancement factors α and coupling constants
C. Our analysis method is demonstrated on these simulated
fringes by calculating a table of corresponding α and C val-
ues. This analysis provides insight on the dependence of the
asymmetry of fringes on the magnitude of the coupling con-
stant and the magnitude and sign of the alpha factor. We
have highlighted simulations with C = 0.15, which is close to
the experimentally calculated coupling constant of our setup.
We have also omitted uncertainties below 0.1%.
piezoelectric crystal that is driven at 145Hz. We place
a variable iris in front of our feedback mirror to place
our optical coupling in the weak feedback regime of C ≈
.15 < 1. Using a 50/50 beamsplitter, we send part of our
laser beam into a HgCdTe detector. Since our analysis
assumes single-mode laser operation, we use a flip mirror
to send the beam into a FTIR and verify that the Fabry-
Perot laser remains in single-mode with optical feedback
at every current value.
Analysis. Our analysis is predicated on interfero-
metric fringes plotted against a linearly increasing τext.
We thus stretch the measured interferogram as shown
in Fig. 7. In essence, we map the time coordinates
t of the interferogram data points to the correspond-
ing position x(t) of the feedback mirror taken from the
strain of the piezoelectric crystal at that time, namely
(P (t), t) 7→ (P (t), x(t)). Since the change in the position
∆x(t) of the feedback mirror is linearly proportional to
the change in the external cavity round-trip time ∆τext,
our analysis holds:
(∆tM ,∆tZ ,∆T ) = (A∆xM , A∆xZ , AxT ) (35)
⇒ α = A∆xM −
1
2AxT
A∆xZ − 12AxT
=
∆xM − 12xT
∆xZ − 12xT
(36)
where A is a proportionality factor, and ∆xM , ∆xZ , and
xT are defined analogously to the measurements in Fig. 4.
We also flip our interferogram appropriately so as to plot
FIG. 6. Setup used to measure the LEF of the laser. The
maroon beam corresponds to optical feedback reflected off of
an aluminum mirror pasted on a modulated piezoelectric ac-
tuator and attenuated by a variable iris and beamsplitter. By
modulating the voltage across our piezo, we can modulate the
external cavity length Lext and round trip time τext. Using
the variable iris in front of our power detector, we can re-
duce optical feedback from back-reflection. The variable iris
in front of the modulated mirror gives us control over the op-
tical coupling constant C. Finally, we use a flip mirror and
an FTIR to check that the Fabry-Perot laser remains single
mode with and without optical feedback at every tested cur-
rent value.
it against an increasing τext as described in Fig. 7. This
allows us to accurately obtain the sign of the α-factor of
the QCL.
Finally, we calculate α±δα for currents swept at 0.5mA
steps between lasing threshold at 561mA and 580mA as
shown in Fig. 2c of the main text. For each current, we
also verify the single mode operation of our laser light
with and without optical feedback using a flip mirror
as described in Fig. 6. This analysis used the defini-
tion α = ∂χR∂N /
∂χi
∂N , where χR and χi are the real and
imaginary parts of the linear susceptibility; however, in
our derivation of the complex Ginzburg-Landau equa-
tion form of the QCL master equation we defined α =
−∂χR∂N /∂χi∂N . Thus the α-factor relevant to the Ginzburg-
Landau derivations is positive and stays around values
> 1 with a moderate increase in absolute value over the
swept currents.
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FIG. 7. a, In maroon, we depict a period of averaged inter-
ferometric fringes in the emitted power of the QCL biased at
574.5 mA. These fringes are produced using a feedback mirror
placed on a sinusoidally modulated piezoelectric. The flatness
of the envelope of our fringes suggests that we are in the weak
coupling regime of C < 1. The strain voltage of the piezoelec-
tric, plotted in blue, tells us its expansion and thus the posi-
tion of the feedback mirror versus time. For the purpose of
our analysis, we must zoom into the highlighted, nearly linear
portion of the sinusoidally driven feedback mirror. The larger
the strain voltage the shorter the external cavity length Lext
and external cavity round trip time τext. We must then flip
the time-axis of the highlighted fringes to plot them against
a nearly linearly increasing τext as shown in b. Notice the
systematic curvature error in the period and other relevant
analysis parameters, defined in Fig. 4, of the fringes shown in
c. This curvature arises from the inherently sinusoidal nature
of the feedback mirror modulation, even around its inflec-
tion point. We then stretch the interferogram by plotting it
against a cubic fit of the increasing position of the feedback
mirror in d. The period of the fringes and other relevant anal-
ysis parameters exhibit a significantly flatter trend after this
third-order correction.
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